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Abstract. In this paper the Sturm-Liouville problem with one classiaad the other
nonlocal two-point or integral boundary condition is intigated. Critical points of the
characteristic function are analyzed. We investigate higtvidution of the critical points
depends on nonlocal boundary condition parameters. In ttsiepart of this paper we

investigate the case of negative critical points.
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Introduction

Differential problems with nonlocal boundary conditiomsa in various elds of biology,
biotechnology, physics, etc. Theoretical investigatibproblems with different types of
nonlocal boundary conditions is a topical problem and rdgenuch attention has been
paid to them in the scienti c literature. The analysis of erigalues of the difference
operator with a nonlocal condition permits us to invesegiite stability of difference
schemes and corroborate the convergence of iterative oefis-5] and it is also of
interest in itself. Eigenvalues and eigenfunctions ofatéhtial problems with nonlocal
two-point boundary conditions are investigated by A.V. iGwind V. A. Morozova [6],
N.I. lonkin and E. A. Valikova [7], M. Sapagovas and Atikonas [8], Stikonas [9],
S. Peciulyte [10-13]. Such problems with nonlocal ingboundary conditions are
analyzed B. Bandyrskii, I. Lazurchak, V. Makarov and M. Sgpaas [14], RCiupaila,
Z. Jesevicute and M. Sapagovas [15], G. Infante [16], 8tikonas and S. Peciulyte [10,
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17], etc. In recent decades the number of differential gisl with nonlocal boundary
conditions and numerical methods for such problems haveésed signi cantly.

Investigation of the spectra of differential equationgwibnlocal conditions is quite
a new area related to the problems of this type. In this papeinvestigate the Sturm-
Liouville problem with a classical the rst type boundaryraition on the left side of the
interval (also the second type boundary condition) and ¥athr cases of nonlocal two-
point and two cases of nonlocal integral boundary conditiom the right boundary. We
analyze critical and other points of a real characteristiccfion.

For the xed parameter, dependence of spectra of these problems on the para-
meter in nonlocal boundary conditions has been investigatedeémptievious research
(see, [8,11,13,15,17]) and S. Peciulyte Doctoral Th¢s@§. Furthermore, conditions,
where there exist constant, negative and only real eigaasdiave been obtained in these
articles. The rst results on the dependence of distributionstant and critical points on
the parameter 2 (0; 1) were presented in [12]. We extend here our investigatiortlaad
new results on the critical points of the characteristicctions are presented.

In the rst part of this paper we formulate a few problems withnlocal boundary
conditions in Section 2. Then we give a de nition of a real @weristic function in
Section 3, we nd zeroes, poles and constant eigenvaluetpdan this function and
investigate critical points in Section 4. The distributiohnegative critical points are
presented in Section 5.

2 Some problems with nonlocal boundary conditions

Let us analyze the Sturm-Liouville problem with one clagblmoundary condition
u®= u; t 2(0;1); 1)
u@)=0; (2

and the other nonlocal two-point boundary condition of tlaen&rskii-Bitsadze type or
integral type:

uqQ)= u(); (Case 1) (31)
u)= uq); (Case 2) (32)
u) = uq); (Case 3) (33)
u@@) = u(); (Case 4) (34)
Z
u(l) = u(t)dt; (Case 5) (35)
0
Z,
u(l) = u(t)dt; (Case 6) (36)

with the parameters 2 R and 2 [0;1]. Also, we analyze the Sturm-Liouville
problem (1) with the boundary condition

u%0)=0 (4)
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on the left side and with nonlocal boundary conditions (3)taright side of the interval.
We enumerate these cases from Casto Case 8 respectively. We denote problems
(1), (2) in the case of nonlocal boundary conditiong){83) as P1, P2, P3, P4, P5, P6
and problems (1), (4) in the case of nonlocal boundary camdit(3)—(3s) as P2, P2,
PP, P#, PS, P@, respectively. Note that the index in the references dertbiecase. If
there is no index, then the rule (or results) holds on in @ldhses of nonlocal boundary
conditions.

Remark 1 (Classical case)We have the classical case for= 0. Eigenvalues in this
case are well known:

=k Ui (t) = sin(k t ); K2 N; (5s;4:5:6)
d=(k 1=2)2 % uw(®)=sin (k 1=2)t ; k2N; (51.2)
R=(k 1=2* % w(t)=cos (k 1=2)t ; k2N; (530:40:50:60)
d=(k 1% 2%  u(t)=cos (k 1)t ; k2N (510.20)
We get the same case for= 0 (ProblemsP1, P4, P5, P2 P2, P¥), =1

(ProblemsP6, P6), =1 and 6 1 (ProblemsP2, P4, P2 P#). Inthe case = 1

and =1 (ProblemsP2, P4, P2 P#) we have degenerate case with one left boundary
condition. So, we omit these cases and dene:= [0;1] (ProblemsP3, P$), D :=

(0; 1] (ProblemsP1, P5, P& P¥), D :=[0;1) (ProblemsP2, P6, P4 P&),D :=(0;1)
(ProblemsP4, P2).

Remark 2 (Case = 1). In I;\his case, wefle ne boundary conditions( ) = 0,
u()=0,uY)=0,u()=0, ju(t)dt=0, L u(t)dt = 0, accordingly.

Firstly, let us consider the case wherés xed. We de ne aconstant eigenvalue
as the eigenvalue = ¢? that does not depend on the paramete? C [11,17]. For
any constant eigenvalue we de ne thenstant eigenvalue poigt 2 Cy := fz 2 C:

=2 < argz 6 =2 or z = 0g and theconstant eigenvalue-value point(qg; ) 2
Cq C, respectively. For a constant eigenvalue, the setwdlue points inC; Cisa
vertical line. Other eigenvalues will be namedrasconstantFor such eigenvalues, we
de ne a nonconstant eigenvalue poit ) 2 C4 and a nonconstant eigenvalugpoint
(a; () 2 Cq C. In the nonconstant eigenvalue case, we get eigenvaluéspasn
roots of the equatiohi(q) f 2(q) = 0, wheref 1(q) := sin q=gfor Problems P1-P6,
andfy(qg) := cosq for Problems P&-P&. The functionf »(q) depends on the case of
the second boundary condition. We get all the constant e&dea points by solving the
system

(
f1(q) =0;
f2(q)=0:

Corollary 1. The pointg = 0 cannot be a constant eigenvalue point for probleis
with boundary condition&) or (4).
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All nonconstant eigenvalues (which depend on the paramgtare -points of the
meromorphic functions, = ¢(q) = f1(g)=f2(q): Cq! C. We call this function ¢ as
acomplex characteristic function

We enumerate the eigenvalugs = (; ) using the cIasEicaI case= 0, i.e,,

k(0; ) = ﬁ'. The eigenvaluesy (and eigenvalue pointg := ) depend on the
parameter continuously. All zeroes (zeroes of the functibj(qg) ) and poles (zeroes
of the functionf ;(qg) ) of the complex characteristic function for investigatedijjems
(see, [10-13]) are nonnegative real numbers. If a zero diuthetionf ;(q) is coincident
with a pole, i.e., a zero of the functida(q), then this point is a constant eigenvalue point.
In fact we must nd the se¥ of all zeroes of the real characteristic functionThen the
set of the constant eigenvalue poifits fk ;k 2 Ngr Z.

We call the pointg, 2 Cq, g 6 O such that X(q;) = 0, acritical point of the
complex characteristic function, and we call an image ottitecal point ¢(q;) a critical
valueof the complex characteristic function [12].

3 Real characteristic function

If we takegonly intheraysq = x > 0; g = ix; x 6 Oinstead ofq 2 Cq, we
investigate positive eigenvalues in case theqay x > 0, and we get negative eigen-
valuesintherayy = X; x < 0. The pointg = x = 0 correspondsto = 0. We
have two restrictions of the function: Cq ! R onthose rays:. (x) := ¢(x +i0) for
x> 0and (x):= (0 ix)forx 6 0. The function . corresponds to the case of
positive eigenvalues, while the function to that of negative eigenvalues. All the real
eigenvalues

x2 for xx > O;
x2 for xx 6 0;

K = k2 N; (6)

can be investigated usingeal characteristic function : R! R (see, [11,17]):

+(X)= (%) for x > 0;

= 0= o ix) for x6 O

Let us write an expression of the characteristic functioedoh case of the nonlocal
boundary condition [10,11,17]for2 D :

( _
1 f(x). f(x):=coshx; g(x):= M  for x 6 O;

-1 , _ 7.
a( x) f(x):=cosx; g(x):= M for x > O; (75)

(

_ f(x) . f(x):=coshx; g(x):=coshx for x6 O (7o)

T g(x)’ f(x):=cosx; g(x):=cosx for x> 0; 240
( .

_f(x) f(x):= X, g(x):=coshx for x 6 O; 75)

T og(x)’ f(x):= S, g(x):=cosx for x > 0; s
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(

1 f(x) f(x):= X, g(x):= X for x 6 O;
= - X ; f .— sinx. . sinx f . (74;20)
a( x) (x):= 5= g(x) = == or x> 0;
2 f(x). ( f(x):= Smhx. g(x):= <HX 1 for x 6 O, 72)
C 2 g(x) ()= X g(x):i= LgSX for x > O; °
_ f(x) . f (x) ;= xsinhx; g(x):=coshx for x6 O; (710)
T og(x)’ f(x):= xsinx; g(x):=cosx for x > 0; o
_ f(x) f (x) :=coshx; g(x):= xsinhx for x 6 0; (72)
~g(x)’ f(x):=cosx; g(x):= xsinx for x> 0; ¥
( _
_ 2 f () _ w1 forx6o;
T2 g@GweGn) | Py forx>0
f(x):= X, g(x):= SMX  for x 6 O; )
i i 6
f(x)= X g(x):= S")(‘(X for x > 0;
_ 1 f (x) _ sinhf(cossirr:!:(( w7 for x60;
gl(l%x)QZ(lTx) sin >)<( Cgisn)é X ) for x > 0;
f(x):=coshx; gi(x):= SOX. g,(x):=coshx for x 6 O;
' (7e0)

f(x):=cosx; gu(x):= S1X; gy(x):=cosx for x> 0O

Characteristic functions are the same for the problems B1P&) P2 and P% P4 and
P2, accordingly. Thus, these problems have the same spectrum.

Now we formulate obvious properties of the functidnsg, g1, g, as following
proposition. Some of these properties were investigat§tinl 1, 17].

Proposition 1. The pointzy = 0 is zero of the second order for the functioim Casel’,
and the pointgx = 2 k are zeroes of the second order for the functipim Case5 for
k 2 Nandin Casefork = 0:

f(20)= %20)=0; f%20) 60; g(p)= gApx) =0; g°{px) 6 0: (8)
Other zero pointg of the functiond (x), g(x), gi1(x), g2(x) are of the rst order

f(z)=0; fY2)60; g(z)=0; ¢gAz)60; gi(2)=0; g¥2)60; i=1;2 (9)
These positive zeroes of the rst order of the funcfioare equal to:

Zy = ( k 1=2) X k 2 N; (101;2;30;40;50;60)
zx = k; k2N; (103;4;5;10.20;6)
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the positive zeroes of the rst order of the functigare equal to:

P =(k 1=2); k 2N; (115;5;10,40)

P =k, k 2N; (114;4;20,30;50;6)
the positive zeroes of the rst order are equal to:

b .= k; k 2N for gi; pc :=(k 1=2); k 2 N for g; (120)
and there are no zeroes of the rst order in Case

The graphs of characteristic functions for sona@e presented in Fig. 1. The vertical
solid lines correspond to constant eigenvalues, vertiaahdd lines cross theaxis at
points of poles. For some cases the vertical line of the emsigenvalue coincides with

the vertical asymptotic line at the point of a pole.
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Fig. 1. Real characteristic functions(x ).

472



Investigation of Negative Critical Points of the Charaistéz Function for Problems with NBC

Remark 3. Note, that the positive part of theaxis is scaled times andk = 1 is really
x = inall gures.

3.1 Zeroes, poles and constant eigenvalues points
The characteristic function has the zero paintif f (z) = 0 andg(z) 6 0 (Prob-
lems P1-P5, P4P5), g(5-2) 6 0 or g(*-z) 6 0 (Problem P6)gi(*5-2) 6 0 or

®(*5-2) 6 0 (Problem P8. For characteristic functions (7), we have the next zero
points of the functior :

zx=(k 1); k2N; (13p0)
zx=(k 1=2); k 2N; (134;2;30,40,50,60)
Zx = k: k 2N: (133;4;5;6;20)

Note that the zero points are the same for and they are on the vertical lines in the
domainDy. := R D . The pointx = 0 is a zero point only for Problem Pand it is
zero of the second order for all2 [0; 1].

The characteristic function (Problems P1-P52P¥, 6 0) has a pole poing if
g(p) =0 andf (p=) 6 0. For characteristic functions (7) we have the next zerotg@n
for the functiong:

p =(k 1=2); k 2N; (142:3;10.40)
pk = k; k 2N; (144;4;20;50)
p=(k 1); k 2N; (1450)
pk =2k; k 2 N: (145)

In these cases the poles of the characteristic functiopaemdpx = pk. So, the poles
are on the hyperbola&x = px, k 2 N, in the domainD,. . The pointx = 0 is a
pole point only for Problem P3and it is the pole of the second order for al2 (0; 1]
and, in this case the hyperbola degenerates to thelin® . The characteristic function
(Problems P2, P3, B1P#) for = 0 is an entire function, i.e., there are no points of
poles.

Remark 4 (Constant eigenvalue points for Problems P1-P4-P%). Note thatx = 0

is not a constant eigenvalue point. All the positive zeraed positive poles for these
problems are of the rst order. If we havigzc) = g(p;) = 0 for some , then this point
Zx = p = cis a constant eigenvalue point andc) 6 0. Geometrically we get constant
eigenvalue points as the intersection vertical lines obesrand hyperbolae of poles in
the domairDy. .

Remark 5 (Constant eigenvalue points for Problem PBYe note thak = 0 is not a
constant eigenvalue point. Positive zeroes are of the rgieo and positive poles for
this problem are of the rst or second order. If for someve havef (z¢) = g(p) =0,
then this pointzx = p; = cis a constant eigenvalue point andc) 6 0. We have the
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rst order poles at the points of constant eigenvalues. Geiitelly we get constant
eigenvalues points as the intersection of vertical linesavbes and hyperbolae of poles
in the domairDy. , too.

For Problem Pg(x) > 0,x 6 0and for Problem P&y, (x) > 0, g2(x) > 0,x 6 0.
We have the next zero poirgsfor the functiong, g1, g, (see, Prop. 1):

Pmn=m; m 2N; (156.g)
p=k; k 2N; (150:0,)
p=( 1=2); | 2N: (1560.g,)

For Problem P6 and Problem P§e have two families of polegd, , p2° andp?, p™
wherepm, = 4%5-p3,, Pm, = 5-p% andp = L-pd, = 5-p® These poles
are on the hyperbolad + )X =2pm, (1 )X = 2pn (Problem P6) and hyperbolae
1+ )x=2p, (1 )x=2p (Problem P8 in the domairD,. (see, Fig. 2). In each
case, the hyperbolae families are intersected only at tteepents of the functioff, i.e.,
these intersection points are points of constant eigeagdlLir].

€
\E \
1.0 j 1.0 1-——
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_\_
0.5
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0.25 0.25 1

\
'><

0.0

X
> 0.0
0

T Y T
0.0 25 5.0 7.5 10.! 0.0 25 5.0 7.5 10.0

Fig. 2. Points of the rst and second order poles of the realratteristic function in
Case 6 (the left gure) and Cas8 @he right gure).

Remark 6 (Constant eigenvalue points for Problems P6%).PA&ll positive zeroes and
positive poles for these problems are of the rst order. Getrinally the three families of
curves (zero lines, two families of pole hyperbolae) irgetsogether, i.e., if two families
intersect, then their intersection point lies on the curf¢he third family and this point
is a constant eigenvalue point.

Proposition 2. All the constant eigenvalue points in Casend6®are on the hyperbolae
X =k ,k 2 Nandonx-axis ( =0), too.

Proof. We get a constant eigenvalue point as the intersection afatbéhyperbolae for
> Oor(see, (15)):

X = P, X = Pm,; (165)

2 2

474



Investigation of Negative Critical Points of the Charaistéz Function for Problems with NBC

X = Pk; X=49: (1660)

+

2 2

Note thatpm, < pm, , px < pr for > 0. If we add and subtract these equalities, then
we get

X = Bm; + Pm,, X = Pm, SP (176)
X =B+ P X ={ B (1760)
In the case = 0, the proof follows from the rst equalities (16). O

Let aline = constintersect the hyperbolae at the poihts wherehy < hy.q,

k 2 N. The pointshy, k 2 N are poles (of the rst or second order) or constant
eigenvalue points for the real characteristic function.t ue denehy = 0. Then
the real characteristic function is dened forx 2 P; := (h; 1;hj), i 2 N and
Po:=(1 ;0). If h; is a constant eigenvalue poigt or ¢; and we have nite limits:
limy, ¢ (X)orlimy ¢, (X),thenwe add this pointto the interval, i.B;,:= (h; 1;¢]
orP :=[qg 1u;h)orP :=[¢ 1;G]

The spectrum of Sturm-Liouville problems (1)—(3) and (%), (3) were investigated
in [8,9,11,17]. Lemmas on the existence zeroes, poles,nmims and maximums
of the characteristic functions and conditions on the exris¢ of constant eigenvalues
are presented there. We note (see, [11]) that two negataleergenvalues can exist in
the negative part of the real spectrum in problems P3 addd?3ome and values.
Negative multiple and complex eigenvalues can exist as Wwelbther cases of nonlocal
boundary conditions, there exists one negative real egjeaor particular values of the
parameter .

4 Critical points of real characteristic function

The pointx., is acritical point of the real characteristic function, if(x¢; ) = 0 . Critical
points of the characteristic function are important for ithestigation of multiple eigen-
values. Critical points of the characteristic function araximum and minimum points
of this function (see, Fig. 1). Generalized eigenfunctiexist for these points [9]. The
generalized eigenfunctions exist at constant eigenvalirgg too. If this point is critical
point, then we have generalized eigenfunctions of the sbavder, else generalized
eigenfunctions are of the rst order.

Now, note thapx = pc( ), G = G( ), Xer = Xer (), and recall the case with non
xed . For any critical poink¢ ( ), we de ne thecritical point (X¢r ( ); ) 2 Dy, =
R D Ry R . Ifthe critical point is an extremum, i.e. the maximum or imom
point, then we use the notation “extremum?” instead of “cali. Note that the property
“to be a critical point” or “to be extremum” in thBy. is only in thex-direction. The
critical points(x¢ ( ); ) depend on the parametecontinuously. The set of these points
is curves in the domaiRy; .
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4.1 Investigation of the few auxiliary functions

Let us consider functions [17] (see, Fig. 3 and Fig. 4):

" (X):= xcothx; "+ (X):= xcotx;
(x) := xtanh x; +(X):= xtanx
for x 2 R and the functions:
(
() = (x) for x6 0 (x) := (x) for x6 0O
"+(x) for x> 0; +(x) for x> O

These two functions are related by the equality

) ()= xjxj: (18)
54 t t 54 ' '
S Sl
Fig. 3. The functiorl (x). Fig. 4. The function (x).
Proposition 3. Functions' ,  are positive decreasing functions far< 0, ' is a

decreasing function in the interval8; ), (k; (k+1)),k 2 Nand is a decreasing
function in the interval§0; =2), ( (k 1=2); (k+1=2)),k 2 N.

Proof. The derivatives of this function are equal to:

L0 __sinh(2x) 2x_ 0 _sin(2x)  2x.
0= sy 1 W7 Cos@g 1
0y .~ SINh(2x) +2x. 0, Sin2x)+2x.
()= cosh(x)+1 "’ - ()= cos(X)+1

So, the derivatives of the functionand are negative fox 6 0. The positiveness of the
functions' , forx < Ois evident. O

Corollary 2. The propertiedimy; o' (X) = ' (0) =1, (0) =0, limy o' 4x) =
' %0) =0, 9%0)=0 are valid.
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Corollary 3. The inequality coth(x) > 1lis valid for allx 2 R and the equality is true
only forx = 0.

Proposition 4. The inequality

cothx tanhx< — (29)
sinh® x
is valid forx > 0.
Proof. We derive forx > O:
cothx tanhx = — L < — X cothx = — XZ :
sinhx coshx  sinhx coshx sinh? x .

Proposition 5. The functiorhg(x) := x(sinh x+ x)=(coshx+1) is an increasing positive
function forx 2 (0;+1 ) andhg(0) =0.

Proof. The derivative of the function

So(x) := sinh x + sinh x coshx  x? sinhx + 3x + 3x coshx

SJ(x) = 4coshx + coshx(coshx  x?) +sinh?x + x sinhx + 3 > O:

SinceSy(0) = 0, we get thaSp(x) > 0for x > 0. The derivative of the functiohg is

ho(x) := sinhx + sinh x coshx ~ x? sinhx + 3x +3x coshx _ So(x)
oA (coshx + 1)2 " (coshx +1)2°
Thus,h§(x) > 0for x > 0. The positiveness of the functidry and conditiorho(0) = 0
is evident. O

Proposition 6. The functiorh;(x) := (12 +6 xsinhx 12 coshx)=(coshx  1)=x? is
a decreasing positive function far2 (0;+1 ) andh;(0)=1,hy(+1)=0.

Proof. The derivatives of the function

Si(x):= 4coshx + x% + xsinhx +4

are
SY(x) = 3sinhx +2x + x coshx; SXx)= 2coshx +2+ xsinhx;
S{%x) = sinhx + x coshx; s (x)= xsinhx> 0:

SinceS;(0) = SY(0) = SY{0) = S0) = 0, we get thaiS;(x) > Oforx > 0. The
derivative for the functiom; is

hO(x) = 24costx  6x2  6xsinhx 24 6S1(x)
B (coshx 1)x3 ~ (coshx 1)x3
So,hd(x) < 0forx > 0. The positiveness of the functién and condition1;(0) = 1,
hi(+1 ) =0 are evident. O
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Proposition 7. The functiorh,(x) := x3=(sinhx x)=6is a decreasing positive function
forx 2 (0;+1 )andhy(0)=1,hy(+1)=0.

Proof. The derivatives of the function

S2(X) : 3sinhx +2x + x coshx
are
SI(x) 2coshx +2 + xsinhx; SXx)= sinhx + x coshx;

S%%x) = xsinhx> 0:

SinceS,(0) = S9(0) = S20) = 0, we get thaS,(x) > Ofor x > 0. The derivative for
the functionh; is

x2 3sinhx 2x xcoshx _ x2S,(x)

Ofygy = X _
h2(x) := 6 (sinhx x)2 6(sinhx  x)2’

Consequentlyh9(x) < 0forx > 0. The positiveness of the functiér» and conditions
h(0) =1, hy(+1 ) =0 are evident. O

Let us consider two functions for> 0:

V(x) := 4cosh®x +4xsinhx coshx 4coshx 4x?>  4xsinhx;
S(x):= 8cosifx 8cosH x +4x sinhx costf x + 4 x2 coshx
+ 4 x sinhx coshx + 8 coshx + 8 + 4 x?:

We nd derivatives of the rst function:

V9x) = 12 cosh?® x sinhx + 4 x costf x + 4 sinh x coshx + 4 x sinh? x
8sinhx 8x 4xcoshx;

Vx) = 24 coshx sinh? x + 12(cosh? x 1) coshx + 4x sinhx(4 coshx 1)

+8(cosh’x 1) +8sinh?x > 0
SinceV (0) = VY0) =0, we get thav/ (x) > Oforx > 0.

The derivatives of the second function are:

S%x)= 20cosK xsinhx 12 sinhx coshx + 4 x cosl? x
+ 8x sinh? x coshx + 8x coshx + 4 x? sinhx + 4 x cosif x
+4xsinh? x + 8sinh x + 8x;

SNQx)= 32costxsinh®x 16costix 8cosfx 8sink’ x
+28x sinhx cosHf x + 8x sinh® x + 16x sinhx
+ 16 coshx + 4 x? coshx + 16x sinhx coshx + 8
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S%%x) = 24sint®x 84cosK xsinhx 16 sinhx coshx + 28x cost x
+ 80x sinh? x coshx + 24x coshx + 32 sinh x + 4x? sinhx
+ 16X coslf X + 16x sinh? x;

S@W(x)= 160coshsinh®x 56 cosh x + 244x sinhx costf x

+80x sinh® x + 32x sinhx + 56 coshx + 4 x2 coshx
+ 64 x sinhx coshx;

S®(x)= 80sint®x 244 cosh x sinhx + 244x cosi x
+ 728x sinh? x coshx + 40x coshx + 88 sinh x + 4 x? sinhx
+ 64X coslf X + 64 sinh x coshx + 64x sinh? x;
SO (x) =2188x sinhx coslf x + 728x sinh® x + 48x sinhx + 128 coshx
+ 4 x? coshx + 256x sinhx coshx + 128 cosHf x + 128 sinh? x > O
SinceS(0) = S%0) = S0) = S®(0) = S®(0) = S®(0) = 0, we obtain that

S(x) > Oforx > 0.
If we de ne the functions:

Go(x) = (coshx +1)2  (sinhx + x)sinh x -y 2+2coshx xsinhx
(coshx + 1)(sinh x + x) (coshx + 1)(sinh x + x)’
Fo(x) := X(coshx 1)2 (sinhx x)sinhx . 2+ xsinhx 2coshx
(coshx 1)(sinhx Xx) (coshx 1)(sinhx x)’
then
Fo(x) Go(x=2)= X— 502 4 s (20)

2V (x=2) sinh(x=2)
Corollary 4 (see, Proposition 6 and Proposition Mhe functiorFo(x) = hy(X)h2(x) is
a decreasing positive function far2 (0;+1 ) andFg(0) =1,Fo(+1 )=0.
Let us de ne positive functions fax > 0:
sinhx  x sinhx + x _
coshx 1 coshx +1

Proposition 8. The functionF1(x) is an increasing positive function for 2 (0;+1 )
andF1(0)=0.

Fi(x) := = % (x=2); Gi(x) = 0 (x=2):

Proof. We derive forx > O:
xcothx> 1 ) 2sinhx < sinhx + x coshx:
Now we integrate the latter inequality from Oxaand get
2coshx  2<x sinhx ) sinh®x xsinhx < costfx 2coshx +1

(sinhx  x)sinhx

<1
(coshx 1)2

) (sinhx x)sinhx< (coshx 1)? )
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As a result, we have

(sinhx  x)sinhx
(coshx 1)?

0<FXx)=1 < 1 (21)

The positiveness of the functidghy and conditior,(0) = 0 are evident. O

Corollary 5. The inequalitie® <' %(x) < 1 are valid forx < 0.

Corollary 6. The functionhg(x) := x(sinhx x)=(coshx 1)=2is an increasing
positive function fox 2 (0;+1 ) andh3(0) =0.

Remark 7. The functionG(x) is positive ands;(x) > tanh x.
Functiong=; andG; are both positive. Then we have the positive function

Fi(x) _ coshfgx)+1 sinhx x _ '°%(x=2)
Gi(yx)  sinh(yx)+ yx coshx 1  9(yx=2)

Hi(x;y) =

forally > 0. The derivative of this function is

Fi()  FIX) Giyx) _ Fi(x)

Ofy ey e
MY = Glox “Fax) YGilyx)  Galywx

Fo(x)  Go(yx) :

The graphs of the functiorig(x) andGg(yx) fory > 1=2 are presented in Fig. 5.

Corollary 7. If the parametety > 1=2, then the functiorH1(x;y) is an increasing
function forx > 0.

Remark 8. The valuey = 1=2is not the limit value. From the Taylor series
Fo(x) Go(yx) = 1=15+ (1=8)y? x2+ 9192403200 (2=45)y* x*+ O x°
it follows that this value iy = P 55t 0:447.

Let us consider a functioH (x;y) forx > 0

HOxy) : = cothx x=sinh?®x _ cosh(@x)+1  sinh(2x) 2x
) ytanh(yx)+ y2x=cost(yx)  Y(sinh(2yx)+2yx) cosh(X) 1
1 1
= —H1(2x;y) = ———— 2xF1(2x):
JHi@6Y) = s 2F0)

Corollary 8 (see, Proposition 5For xed x > 0, the functiorH, (y) := H(x;y); y> 0
is a decreasing function.

Corollary 9. For xedy > 1=2the functiorHy (x) := H(x;y) is an increasing function
forallx > 0.
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The graphs of the functiorid (x;y) for somey > 0 are presented in Fig. 6.
We note that foy > 0

H . - 1 .
lim H(x;y) = e (22)
H . - 1.
X!IerlH(x,y) = )—/ (23)
Finally, we consider the functions
G(x;y) := xcothx yxtanh(yx)=" (x) (yx); x2R; (24)
G(x;y) ;= yxcoth(yx) xtanh(x)=" (yx) (x); x2R (25)

fory > 0 (see, Fig. 7 and Fig. 9). Since these functions are even,westigate them for
x> 0.

y=0 y=1/2 y=(3/3 y=2/3 y=3/4

y=4/5
\ ‘
05
|

\ y=2 y=413

Fig. 5. The functiondo(x) Fig. 6. The functiorH (x;y).  Fig. 7. The functiorG(x;y),
andGo(yx). x> 0.

Let us begin with functiorG. We note thaiG(0;y) = 1. The derivative of this
function

GYx;y)=coth x x=sinh®x ytanh(yx) y?x=cost(yx)

and (
yGi(yx) H(x;y) 1 fory>0;

GYx;y) =
(x:y) F1(2x) for y=0:

(26)

Lemma 1. The functionG(x;y) is even. It has the following properties:

@i Ify 2 [O;p§:3], thenG is an increasing function fox > 0 andx = 0 is the
minimum point of the functioG;

(i) Ify 2 (p 3=3; 1), then there exist&mi, (y) > 0 such that the functio® is a
decreasing function fo® < x < X min (Y), and G is an increasing function for
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X > X min (Y). There existXmin (Y) > 0, 0 < G (Xmin (¥);y)) < 1 which is
the minimum point of functio® andx = 0 is the maximum point of functio@
( Xmin (y) is the minimum point, tgo

(i) Ify 2 [1;+1 ), thenG is adecreasing function for > Oandx = 0 is the maximum
point of functionG;

(iv) For xed x > 0, the functionGy (y) := G(x;y) is a decreasing function.

Forally > 0, we haveG(0;y) =1 and

lim G(x;y)=x=1 vy; Ilim G(x;y)=x= (@1 vy); lim G(x;1)=0:
x!I +1 x!'1 x!1

Proof. GYx;y) > 0(=0;< 0)ifandonly if H(x;y) > 1(=1;< 1). Ify 2 (p 3=3;1),
thenH(O;y) < 1 < H (+1 ;y) (see, limits (22) and (23)). ABl is an increasing
function, we have only one point,in (y) such thaH (Xmin (Y);y)=1.

'f)X 2 [1;,+1), thenH(X;y) < 1 (inthis caseH(+1 ;y) < 1), %n_d ify 2
[1=2;p§=3), thenH (x;y)pz 1 (in this caseH (+0;y) > 1). If y = = 3=3 then
G(0; 3=3)=1,butG(x; 3=3)> 1lforx> 0.

Fory 2 (0; 1=2), we have (see, Corollary 8)

H(x;y) >H (x;1=2) > 1
So,G is an increasing function for sugh

The derivativeG? (y) = @@yG(x;y) = x O(yx) < 0(see, Proposition 3).
The other properties of the functi@ are evident. O

Corollary 10. Ifx 2 (1 ;0), then
0< (x)<" ()< (x)+1: (27)
Proof. Let us consider functio®. We note thaG(0;y) = 1,

G(yx;1=y) for y> 0;

Glxiy) = 1 (x) for y=0: (28)
The derivatives are equal to
G20) = 2B = X (1) > 0 29)
G = SOy = Gilx) A(y) 1 (30)
where
(
H(x:y) = H(yx;1=y) for y > 0; 31)

0 for y=0:
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It follows that

Huwr:§%§§$9:yHuwﬁrw: (32)

So, we have the following properties for functibh

Corollary 11. For xed x > 0, the functionH, (y) := H(X;y),y > 0is an increasing
function.

Corollary 12. For xed 0 <y 6 2, the functionHy(x) := H(x;y) is an increasing
function for allx > 0.

The graphs of the functiori3(x;y) for somey > 0 are presented in Fig. 8.
We see that foy > 0

2

im 7 (x:y) = YE; (33)
i, H(y) = y: (34)

From these properties we derive the following lemma (theopi® the same as that of
Lemma 1).

Lemma 2. The functionG(x;y) is even. It has the following properties:

(i) If y 2 [0; 1], thenG is a decreasing function for > 0 andx = 0 is the maximum
point of functionG;

(i) Ify 2 (1, P 3), then there existsmin (y) > 0 such that functiorG is a decreasing
function forO < x < Xuin (y), andG is an increasing function fox > xmin (Y).
There exists¢min (Y) > 0, 0 < G(*min (Y);Y)) < 1 which is the minimum point
of functionG andx = 0 is the maximum point of functioB ( Xxmin (Yy) is the
minimum point, toly

@iy Ify 2 [IO 3;+1 ), thenG is an increasing function fox > 0 andx = 0 is the
minimum point of the functio®;

(iv) For xed x > 0, the functionGy (y) := G(X;Yy) is an increasing function.
Forally > 0, we haveG(0;y) =1 and
Iim G(x;y)=x=vy 1, Iim G(x;y)=x= (y 1) lim G(x;1)=0:
x! +1 x!'1 x!1

Lemma 3. The function$ and satisfy the Riccati differential equation

1 1 A
y9 = 2y Sy ) X (35)
Proof. We prove the lemma by substituting the functionand directly into differential
equations. O
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4.2 Critical points equation and its properties

Lemma 4. There are no critical points in Case 6 and Case 6

Proof. The functions

1 .1 1 L1+
== v 4= v I+ .
6(X) : 1 Xt X
— 1 ' 1 1 1+
GO(X) Ch 1— TX + 1— TX
are deCfeaSing functions as the sum of such functions. ([l

Let us consider the characteristic functions for ProblerhsAB, P&P5. These
functions are of the form (see, (7))

= f(x)

(x; )—{()g(x) (36)
where{ ()= %;1;2; . The derivative (by) of this function

Oy \ = FAx)g(x)  F)gx) .

;)={() 2(X) : (37)
We can write the condition on the critical point®(= 0) in the interval(h; 1;h;) as

Oy — 9% x).

fAx)= f(x) (X)) (38)

becausgy( x) 6 0 for x 2 (h; 1;h;). If X¢ is a critical point and (x¢) = 0 then
from (38) we deriveéf (x¢) = 0, i.e., the critical point is zero of the second order for the
functionf , however, Proposition 1 declares that there are zeroebtie rst order for

x 6 0. Thus,f (xc) 6 0, and we can write equality (38) as follows:

F(x; )=Dnf(x) Ding(x)=0; (39)
where

f qx)
f(x)

Consequently, we can rewrite equality (37) as

1 1
06 = L0) (6 FeG )= {() 06) Dnf(x) Dng(x) :  (41)
Proposition 9. For Dy, the next properties are valid:
Din(fg) = Dinf + Ding; Din (f%) = gDinf + gDinglogf; f> 0;
Dnf = D pf; 2RDph(x f)= Dphf + ; 2 R;
Din(x )= ; 2R; Din f g(x) =(Dnf) g(x) Ding(x);
Dn f(x) =(Dnf)(x); 2R

Din f (x) := xlog?jf (x)j = x

for f (x) 6 0: (40)
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So, we obtain

Dip sinx = xcotx = ' 4 (X);
Dpp €S1X 1 = xcoth(x=2) 2=2"' (x=2) 1;

x2=2
Dip 5% = xcotx 1=",(x) 1
Djp $X = xcothx 1="' (x) 1;
Dy, sinhx = xcothx = ' (x);
Dph (xsinhx) = xcothx+1 =" (x)+1,
Dip cosx = xtanx = . (X);
Din 185 = xcot(x=2) 2=2"',(x=2) 1;
D, coshx = xtanhx = (x);

Din( xsinx)= xcotx+1=",(x)+1;

and equality (39) is valid with:

Dnf(x)= (x); Dng(x)="(x) 1; (421;50)
Dnf(x)=(x); Ding(x) = (x); (422;40)
Dnf(x)="(X) 1  Dngx)= (x); (42)
Dnf(x)="(x) 1,  Dng(x)="(x) 1 (424;20)
Dnf(x)="(x) 1, Dpogx)=2"'(x=2) 1; (425)
Dnf(x)="(X)+1;, Dngx)= (x); (4210)
Dinf(x)= (x); Ding(x)="(x)+1: (4250)

Afterwards we derive the next expressions for functan

FO; )= () "(x)+1; (434;50)
Fx; )= () (x) (432,40)
Fx;)="(xX) (x) L (43)
Fx;)="(x) "(x) (434;20)
Fx; )="(X) 2 (x=2)+1; (43)
Fix; )="(xX) (x)+1; (4310)
Fx; )= (x) "(x) & (4330)
The equatiorF (x; ) = 0 de nes a set of critical points in the domaid. . This set
is graphs of functions = ¢ (x) locally, as in all the case&Fsign(x) > 0 (&F =

X Ax)or&F= x Ax)orGF = x Yx=2))forx60.

Remark 9 (The case =0). For =0, (Problems2, P3,P{P4)' (0)=1, (0)=0,
but in this case%—i 6 0. So, we get the critical points as rootsof the equations:
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(x) = 0 (Problem2, 49, ' (x) = 1 (Problem3),' (x) = 1 (Problem19. At the
points(z;0) 2 Dy. ,z 6 0 the curveF (x; ) has a vertical tangent line. B 62D , then
limyr ; (X) =+ 1 wherez is a honzero root of the equation:(x) = 0 (Problemsl,
59, (x) =1 (Problems4, 9),' (x) =1 (Problem5), (x)=0 (Problem39.

In the domairDy. there are two families of curves: vertical lines of the psiot
zeroes, and hyperbolae of the points of poles. The inteesgooints of these two families
are constant eigenvalue points. We denot®lsythe complement of the union of these
two families and use the notatidn® := f(x; ) 2 D®:x < 0g,D§ = f(x; ) 2
D¢: x > 0g. This complemenb¢ is an in nite union of curvilinear sub gures: tri-
angles, and quadrangles, and so on (see, Fig. 10). Them #ithéeft or right side of
these gures is vertical lines, and the other sides are Hygae, or = 0;1. The curves
F(x; ) =0 ( °= 0) are inside these subdomains, and have no common points with
the vertical sides (= 0) or parts of hyperbolae (= 1 ), except the vertices (constant
eigenvalue points) or lines=0; 1.

A G y=2 y=3 y=3/2 R

T - TTTTTT e y=6/5 n
RN \ \
2.5 ~= e y=512 10

- y=1 x 1 2

'
§ y=1 \ \
0
y=3/4 0s
S =172 3 6 ™
! y=4/5
/ X - '\\ x
T T A R ) ~ —1/2 =
a s O\ NS o

Fig. 8. The functiortf (x;y). Fig. 9. The functiorG(x;y), Fig. 10. The subdomains of
x> 0. the domairD °.

/

From (42) and Lemma 3 it follows that

SR ()= Dnf()  Dnf() i (z.05)
SDRf00= Dnf() L Dnf() i xi (445,4:52)
d_(i(Dlnf(X): SDmf(X) % Dinf(X) 2 ; i Xj; (4440)
and
SDng= Do) Dmgk) * i i (4514205
SDRg)= Dngl) ¢ Dng() ” j X (4523150)
Dngi)= Dwgk) o Do) ik (45)
Dng) = SDngx) ¢ D) * 2 | X (45%)
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We rewrite the latter formulae at the poimt:

1 1 .
éngg(X): < Png(x) ;Dmg(X)2 2ixj; (461;4;20,50)
1 1 .
é%pmmx): < Png(x) ;—DmMX)Z 2ixj; (463;3;10.40)
@ _ 1 1 2 2
@XDIn g(X)_ ;Dln g(X) ﬁ I:)In g(x) EJXL (465)
3 1 2 .
DDng(x)= 20ng(x) 3 Dng(x)* 2 % (46)
At the critical pointD|, g( X) = D f (X):
1 1 .
SPng(x)= Dnf() Z Dnf(0 7 % (@Ts0255)
1 1 .
@@XD'” 9(x)= "Dnf(x) = Dnf(x) 2 %y (472;3;10,40)
1 1 2
SPRax)= Dnf() o Dnf()* ixi (@7)
3 1 2 .
SPng(x)= 20nf (0 Onl)F 2 2 (475)
Finally, we get the expressions for the derivatives:
@i y= x4 @
X@XF(X, )= X dXDmf(x)+ X@XDm a( x)
= 2Dpf(X)+ 1 2xjxj= 2 X)+ 1 2 Xxjxj; (481.50)
= 1 2xjx; (482;4;20,40)
=2DRf(X)+ 1 2xjxj=2"'(x) 1+ 1 2 Xxjx; (483)
- % Dinf(x) °+ 1 222 xjxj = % T 1%+ 1 =2 xixj; (48)
= pfx)+2+ 1 2xjxj= 2 X))+ 1 2 xjxj; (4810)
=2DRf(x) 2+ 1 ?2xjxj=2 X)) 1+ 1 2Xxjx: (4830)
and
o SF(G)_ XEF( ).

(49)

cr

OF(x ) x@F(x )

The denominator of the last fraction is positive. So, theif) 2 (x) is the same as that
of expression (48).

5 Properties of the negative critical points

Theorem 1. There are no critical points for negativein problemsP1, P2, P4, P5, B1
P2, P4, PY.
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Proof. Caset and Casé”2. By the Mean Value Theorem we derive
FOG)="00 "(x)=" ") I #1<0
Since' °< 0 (see, Proposition 3), we gEt(x; ) > Oforx < O.

Case2 and CaseP4. If =0,thenF(x;0)= (x)> Oforx < 0, otherwiseF (x; )=
(x) (x)= Y#)A )x> 0 #,<0.

Caseb. InthiscaseF(x; )= "(x) 2 (x=2)+1= "(x) '(x=2)+"'(0)
"(x=2)= " U#a)(1 =2)x+ " A#a)x > 0; #3 < 0;#4 < 0.

CaseP1’. From Corollary 10 it follows thaF (x; ) = ' (X) (x)+1 > (x)
(x)+1= 9Y#5)1 )x+1>1>0 #56 O.

Caseland CaseP?. If =1,thenF(x;1)= (x) '(x)+1 > Oforx < O (see,
Corollary 10),orels& (x; )= (X)+1 '(x)>' (x) '(x)="'"%#)@1 )x>
0; #s < 0. O

Corollary 13. For problemsP1, P2, P4, P5, B1P2, P£, PS, the characteristic function
is a decreasing function with negatixesee(41)).

Theorsrn 2. For problem P3 there exists a negative critical point if and only if
2 (" 3=3;1) and this unique negative critical point is the minimum point, and
(x ;)>0.

Proof. The functionF(x; ) = G(x; ) 1, 2 [0;1]. The proof follows from the
properties of functiots. The minimum poink = Xmiy (See, Lemma 1). O

Corollary 14. Let us consider the characteristic functiorfor negativex of problemP3
Then is

1) a decreasing function for 2 [0; P 3=3];

2) a decrees_ing functionfax 2 (1 ;x ) and an increasing function for 2 (x ;0)
as 2 ( 3=3;1);

3) an increasing function for = 1.

We havelilm0 (x; )=1forall ,andif < 1,then IIilm (x; )=+ 1, orelse
X! X!
lim (x;1)=0.
x!1

Proposition 10. In Case3, the function , is a decreasing function and

lim ¢ (x)=1; lim cr(x)=p§=3:
x!1 x! 0
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Proof.

x@@XFO(x; )= xGUx; )= xGi( x) H(x;) 1< -

Theorem 3. For problemP3, there exists one negative critical point for all2 (0;1)
and this unigue negative critical poirt is the minimum point and(* ; ) > 0. For
=1 there are no negative critical points.

Proof. The functionF(x; ) = G(x; ) 1, 2 (0;1]. The proof follows from the
properties of functiorl. The minimum poink = Xxyin (See,Lemma 2). O
Corollary 15. Let us consider the characteristic functiofior negativex in ProblemP3.
If 2 (0;1), then is a decreasing function fox 2 (1 ;x ) and an increasing

function forx 2 (x ;0). The function (x; 1) is an increasing function fox < 0. We
obtain !im0 (x; )=+ 1 forall 2 (0;1],Xli1m (x; )=+ 1 for 2 (0;1) and
x! !

X!Illm (x;1)=0.

Proposition 11. In Case 3% the function  is a decreasing function fox < 0,

Xllilm o (X) = 1 and the graph of this function intersects (in the limitaxis at the

pointx = X wherex is the positive root of the equationtanh x = 2 or equation
G(x;0) = 1. There are no critical points fox 2 [x ;0).
Proof.
@0y yo vy )= . :
X—FX; )= xGYx; )= xGi( x) H(x; ) 1 <0
@x O

Remark 10. We will investigate nonnegative critical points in the nasticle.
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